Abstract. A radial weight ω belongs to the class p D if there exists C " Cpωq ě 1 such that
Introduction and main results
Let HpDq and hpDq denote the spaces of analytic and harmonic functions in the unit disc D " tz P C : |z| ă 1u, respectively. For 0 ă p ď 8, the Hardy space H p consists of f P HpDq for which }f } H p " sup The Hardy space h p of harmonic functions is defined in an analogously manner. For a nonnegative function ω P L 1 pr0, 1qq, the extension to D, defined by ωpzq " ωp|z|q for all z P D, is called a radial weight. For 0 ă p ă 8 and such an ω, the Lebesgue space L 2 q for some constant C " Cpωq ě 1 and for all 0 ď r ă 1. Write ω P q D if there exist constants K " Kpωq ą 1 and C " Cpωq ą 1 such that p ωprq ě C p ω`1´1´r K˘f or all 0 ď r ă 1, and set D " p D X q D. These classes of radial weights arise naturally in the operator theory of weighted Bergman spaces [11] . For instance, the class D describes the radial weights such that the Littlewood-Paley formula }f } Dz q D induce in a sense essentially smaller Bergman spaces than the standard radial weights p1´|z| 2 q α with 1 ă α ă 8.
A classical problem on a space X of harmonic functions in D consists of studying which properties do a function u P X and its harmonic conjugate share. In particular, it is of interest to determine whether or not X is closed by conjugation. One of the most celebrated and useful results on this direction is the M. Riesz theorem which states that there exists a constant C " Cppq ą 0 such that }f } H p ď C p|f p0q|`} Re f } h p q , f P HpDq, (1.3) whenever 1 ă p ă 8 [2, 3] . Despite the fact that this property does not carry over to the range 0 ă p ď 1, Burkholder, Gundy and Silverstein [1] , see also [3] , showed that the equivalence
is valid for each 0 ă p ă 8. Here, and throughout the paper, u ‹ pe iθ q " sup zPΓpe iθ q |upzq| and
As for the Bergman spaces induced by radial weights, by defining N puqpζq " sup zPΓpζq |upzq|, ζ P Dzt0u, and applying (1.4) to the dilatation u r pzq " uprzq with 0 ď r ă 1 as in the proof of [9, Lemma 4.4] , one obtains the following result. Proposition 1. Let 0 ă p ă 8 and let ω be a radial weight. Then there exists a constant C " Cppq ą 0 such that
For 1 ă p ă 8 and a radial weight ω, the inequality
with C " Cppq ą 0 follows from (1.3). For 0 ă p ď 1 we have (1.7) for some constant C " Cpω, pq ą 0 if, roughly speaking, ω is sufficiently smooth and A The main objective of this paper is to search for sharp inequalities of the same type as (1.7) but where } Re f } a p ω on the right has been replaced by only a slightly larger quantity. Of course, the primary interest lies in the case in which 0 ă p ď 1 and ω induces a relatively small Bergman space, although all the obtained inequalities are valid on the full range 0 ă p ă 8. The motivation for the first result comes from Proposition 1. In view of (1.6) If ω P p D such that also r ω is a weight, then a straightforward calculation shows that r ω P p D. The converse implication is false in general as the following result, the proof of which is given in Section 3, shows.
Theorem 3. There exists a radial weight
The proofs of Theorems 2 and 3 use the fact that r ω P p D if and only if r ω is a weight and there exists a constant C " Cpωq ą 0 such that
An integration by parts shows that (1.9) yields
as expected. Therefore Theorem 2 shows that an appropriate substitute for } Re f } a p ω in (1.7) on the range 0 ă p ď 1 is the integral on the right hand side of the inequality above.
The proof of Theorem 2 is given in Section 2, and it goes roughly speaking as follows. We first observe that (1.8) trivially implies }f } A p ω }f } A p r ω for all f P HpDq. By testing this with monomials and using a description of p D in terms of the moments ω x " ş 1 0 r x ωprq dr of the weight, we deduce r ω P p D, which is equivalent to (1.9). The true work lies in obtaining (1.8) on the range 0 ă p ď 1 from (1.9). This is achieved by first estimating }f } A p ω upwards by using the embedding D p p´1 Ă H p [5] between Dirichlet-type and Hardy spaces, valid for 0 ă p ď 2, and then passing from the derivative to the real part by using [6, Lemma 2.2], which states that there exists a constant C " Cppq ą 0 such that M p pr, f 1 q ď Cpρ´rq´1 sup 0ătăρ M p pt, Re f q for all 0 ď r ă ρ ă 1.
Before presenting our next result, we mention an interesting consequence of Theorem 3 concerning the class p D. Namely, p D is not closed by multiplication by p1´|z|q. Indeed, if ω is the weight constructed in Theorem 3, then the weight ω rβs , defined by ω rβs pzq " ωpzqp1´|zq β for all z P D, does not belong to p D for any β ą 0, see Proposition 10 below. These results show that the class p D of radial weights is much more complex than it seems at first glance. See [8, 11] for an extensive study of p D. By our next result, the quantity sup 0ăsăr M 
On the most interesting range 0 ă p ď 1, the proof of Theorem 4 follows the argument used in the corresponding part of the proof of Theorem 2. However, the proof of Theorem 4 is more involved because | Re f | p is not subharmonic if 0 ă p ă 1. Therefore we will use the inequality M p p pr, f 1 q ď CR´p´1 ş r`R r´R M p p pρ, Re f q dρ, valid for 0 ă R ă r ă R`r ă 1, to pass from the derivative to the real part. This adds technical difficulties to the proof, which is given in Section 2.
Our next result describes the radial weights for which the quantities appearing in Theorems 2 and 4 turn out equivalent norms in A p ω .
Theorem 5. Let 0 ă p ă 8 and let ω be a radial weight. Then the following statements are equivalent:
The proof of Theorem 5 is given in Section 2, and it strongly uses Theorems 2 and 4 together with new and known [11] descriptions of the class D. In particular, it is proved that ω P D if and only if r ω P D, which is in stark contrast with Theorem 3. This implies that the weight ω constructed in Theorem 3 can not belong to D. In fact, one can show that this weight satisfies 1 log 1 1´r¯2 p ωprq log log log 1 1´ŕ
, r Ñ 1´, and therefore induces a weighted Bergman space A p ω essentially smaller than any of the standard ones.
As for the question of when the weighted Bergman space is closed by harmonic conjugation, by combining (1.1) together with [7, Lemma 3.2] and the reasoning in [11, (3.1)], we obtain
provided ω P D. However, we need to pose a stronger hypothesis on ω to extend this result to the range 0 ă p ă 1. Recall that a radial weight is regular if ωprq - The last of our main results is Theorem 7 below. It shows that the validity of (1.8) in Theorem 2 is equally much related to the regularity of the weight as to its growth/decay. In view of Corollary 6 and the fact that the function ϕ in Theorem 7 may decrease to zero slower than any pregiven rate, it is possible to find ω such that (1.8) fails for all 0 ă p ă 8, but the space A p ω lies between two weighted Bergman spaces of which one is just a bit larger than the other and both are closed by conjugation. The proof of Theorem 7 is given at the end of the paper in Section 3. 
The letter C " Cp¨q will denote an absolute constant whose value depends on the parameters indicated in the parenthesis, and may change from one occurrence to another. We will use the notation a b if there exists a constant C " Cp¨q ą 0 such that a ď Cb, and a b is understood in an analogous manner. In particular, if a b and a b, then we write a -b and say that a and b are comparable. This notation has already been used above in the introduction.
Proofs of Theorems 2, 4 and 5
Before presenting the proofs, let us see that a 1 ω is not closed by harmonic conjugation if ω P p Dz q D even if r ω is a weight. Let ψ be a positive increasing function on r0, 8q such that ψpxqx´α is essentially decreasing on r 1 2 , 8q for some α ą 0 large enough. Shields and Williams [12, Theorem 1'] showed that if ψ is in addition sufficiently smooth, for example convex or concave, then there exists an f P HpDq such that M 1 pr, Re f q ψ´1 1´r¯, but
Let us observe that
if there does not exist β ą 0 such that ψpxqx´β is essentially increasing on r 1 2 , 8q. This is the case for example, if ψpxq " logpx`2q [12, Lemma 2] . Let now ω be a radial weight such that r ω P p D and therefore p ω p r ω on r0, 1q. Assume that p r ω is smooth enough meaning that there exists a ψ " ψ ω for which ψ pxq -ˆp r ωˆ1´1 x˙˙´1 , 0 ď x ă 8.
This last integral might very well converge as is seen by considering the rapidly increasing
, where 2 ă α ă 8. Namely,
for all 0 ď r ă 1. In this case the natural choice for the smooth ψ is ψpxq " plogpx`2qq α´2 , which satisfies the hypotheses of the result by Shields and Williams. Now we proceed to prove following result which contains Theorem 2.
Theorem 8. Let 0 ă p ă 8 and let ω be a radial weight such that r ω is a weight. Then the following statements are equivalent:
(i) There exists a constant C " Cpω, pq ą 0 such that
1)
for all f P HpDq;
(iii) There exists a constant C " Cpωq ą 0 such that p ωprq ď C p r ωprq for all 0 ď r ă 1; (iv) r ω P p D.
Proof. It is clear that (i) implies (ii). Assume now (ii)
. It is known that a radial weight ν belongs to p D if and only if for some (equivalently for each) β ą 0, there exists a constant C " Cpω, βq ą 0 such that x β pν rβs q x ď Cν x , 0 ď x ă 8, (2.2) see [11, (3.3)] for details. By testing (ii) with the monomials m n pzq " z n , we deduce ω np`1 ď C r ω np`1 , from which an integration by parts on the left yields pnp`1qpr ω r1s q np ď C r ω np`1 for all n P N Y t0u. By choosing np ď x ă np`1 we obtain xpr ω r1s q x ď C r ω x for all 0 ď x ă 8. Hence r ω P p D by (2.2), and thus (iv) is satisfied. Assume next (iv). Then there exists a constant C " Cpr ωq ą 1 such that log 2p ωˆ1`r 2˙ď ż 1`r 2 r r ωpsq ds ď C ż 1 1`r 2 r ωpsq ds, 0 ď r ă 1.
This yields (iii).
To complete the proof it remains to show that (i) follows from (iii) To deal with the case 0 ă p ď 1, we first show that (iii) implies (iv). Let γ ą C, where C " Cpωq ą 0 is that of (iii) 
by [5] . Moreover, by [6, Lemma 2.2], there exists a constant C " Cppq ą 0 such that
By combining these facts and using Fubini's theorem we deduce }f } Fubini's theorem and r ω P p D imply
prq dr "
Moreover, by using (iii) we deduce
Therefore an integration by parts, (iii) and the fact that r ω P p D yield To deal with the case 0 ă p ď 1, assume without loss of generality that f p0q " 0. We will employ an argument similar to that used in the proof Theorem 8. However, the present situation yields more involved considerations because the inequality (2.5) is replaced by the estimate
which can be found in [7, Lemma 5.3] , and where C " Cppq ą 0 is a constant. and t 0 ď t ă 1, we have
To estimate I 2 pf q and I 3 pf q, observe first that in both cases s ď 
By combining the estimates for I 1 pf q, I 2 pf q and I 3 pf q we deduce the claim. l
Theorem 5 is obtained in the following result.
Theorem 9. Let 0 ă p ă 8 and let ω be a radial weight. Then the following statements are equivalent:
Proof. We first show that (iii), (iv) and (v) are equivalent. Assume (v). Since ω P D Ă q D, there exist C " Cpωq ą 0 and β " βpωq ą 0 such that
by [11, (2.27) ]. Therefore p ωprq p1´rq β for all 0 ď r ă 1, and hence r ω is a weight. Moreover, by the definition of q D, there exist K " Kpωq ą 1 and C " Cpωq ą 1 such that
and hence
It follows that p r ωprq p ωprq for all 0 ď r ă 1. On the other hand, since ω P D Ă p D, we have
Consequently, p r ωprq -p ωprq, 0 ď r ă 1. (2.11)
Arguing now as in (2.3) we deduce (iii). An alternative way to deduce (iii) from (v) is to first observe that ω P D implies r ω P D, and then use Carleson measures [10, Theorem 1] together with (2.11). We omit the details of this alternative approach.
Assume next (iii). Then r ω must be a weight because ω is. By testing (iii) with the monomials m n , we deduce ω np`1 -r ω np`1 , from which an integration by parts on the left yields pnp`1qpr ω r1s q np -r ω np`1 for all n P N Y t0u. By choosing np ď x ă np`1 we obtain xpr ω r1s q x -r ω x for all 0 ď x ă 8. By using now [11, (1.2) , (1.3), Theorem 3], we deduce r ω P D, and thus (iv) holds. Assume (iv). Since r ω P D by [11, Theorem 3] , [11, (1.2) and (1.
3)] yield`r ω rβs˘x -x´β r ω x for all x ě 1 and β ą 0. Therefore [8, Lemma 2.1 (ix)] yields
By choosing M large enough such that pC´1q log M K ą log K, it follows that ω P q D. Thus ω P D, that is, (v) holds. Therefore we have shown that (iii), (iv) and (v) are equivalent.
Assume now (ii). Then r ω must be a weight because ω is. Moreover, by testing (ii) with the monomials m n , we obtain
By arguing as in the proof above where we showed that (v) follows from (iii), we deduce r ω P D. Conversely, if r ω P D, then also ω P D, and (iii) is satisfied by the first part of the proof. Therefore we may use Theorem 4 and (iii) to obtain
Thus (ii) is satisfied. Hence we have shown that (ii)-(v) are equivalent.
It remains to associate (i) with the other conditions. This is achieved by using the results we have already proved along with techniques similar to those used in the proofs above. Therefore we only indicate the proofs and omit the details. If (i) is satisfied, then by testing with the monomials m n we deduce r ω P D. Conversely, if r ω P D, then Theorem 2 and an integration by parts similar to that in (2.3) together with (2.11) give
This finishes the proof of the theorem.
Counterexamples
In this section we will prove Theorems 3 and 7 by constructing radial weights with desired properties. The first construction shows that there exist weights ω R p D such that r ω P p D. The second one illustrates the fact that even if r ω is differentiable almost everywhere whenever it is a weight, the validity of the inequality (2.1) is equally much related to the regularity of the weight ω as to its growth/decay. Before proving the above mentioned two results, we will show, by using Theorem 3, that the class p D is not closed by multiplication by p1´|z|q β for any β ą 0. This indicates that despite of its innocent definition, the class p D has in a sense complex nature.
Proof. First, let us observe that for each ν P p D and an increasing function ψ : r0, 1q Ñ p0, 8q, with ψpzq " ψp|z|q for all z P D, such that ψν is a weight, we have ψν P p D. Indeed, since ν P p D there exists a constant C " Cpνq ą 1 such that p νprq ď C p ν`1`r 2˘f or all 0 ď r ă 1. This is equivalent to that is, x ψνprq ď C x ψν`1`r 2˘f or all 0 ď r ă 1. Thus ψν P p D. Next, assume on the contrary to the statement that ν P p D implies ν rβs P p D for some β ą 0 and all ν P p D. Pick n P N such that nβ ě 1, and let ω be the weight of the statement of Theorem 3. Then n applications of the antithesis to ν " r ω imply p ω rnβ´1s P p D. Further, the previous obervation with ψpzq " p1´|z|q 1´nβ gives p ω P p D, which is equivalent to ω P p D by Fubini's theorem and [8, Lemma 2.1](ix). This is a contradiction.
Proof of Theorem 3. Let t n " 1´e´n for all n P N, ϕ : Nzt1u Ñ p0, 1{2q such that ϕ P ℓ 1 , and define s n P pt n , t n`1 q by 1´sn 1´t n`1 " e ϕpnq for all n P N. Further, let ωpsq " ř 8
n"2 χ rsn,t n`1 s psq 1´s for all 0 ď s ă 1. The function ϕ will be appropriately fixed later. Then
and thus ω is a radial weight. Moreover,
Now that ω P p D if and only if there exists C ą 1 such that p ωprq ď C p ωp1´1´r e q for all 0 ď r ă 1, we deduce ω R p D if lim sup
This is our first requirement for ϕ.
We now proceed to consider p r ω. If k ě 2 and t k ď t ď s k , then (3.1) yields p r ωptq "
ϕpjq¸.
Since log
" 1´ϕpn`1q and
we deduce
Recall that r ω P p D if and only if p ω p r ω on r0, 1q by Theorem 8. Obviously, for t k ď t ď s k , we have p r ωptq ě p r ωps k q "
ϕpjqb ecause the range of ϕ is contained in p0, 1{2q. In view of (3.1), our second requirement for ϕ is
If k ě 2 and s k ď t ď t k`1 , then (3.1) yields p r ωptq "
ϕpnq`1´ϕpn`1qq
Now that the range of ϕ is contained in p0, 1{2q, we have
Therefore, to deduce p ω p r ω on rs k , t k`1 s, it suffices to require
To complete the proof, it now remains to construct ϕ : Nzt1u Ñ p0, 1{2q such that ϕ P ℓ 1 and (3.2), (3.3) and (3.4) are satisfied. Set 5) so that obviously ϕ P ℓ 1 . Moreover,
and hence the first requirement (3.2) for ϕ is satisfied. We also have (3.3) and (3.4) because
ϕpjq¸, k ě 4, and ϕpkq log 2 log 2 k
Therefore ϕ has the desired properties.
Proof of Theorem 7. We use the construction given in the proof of [11, Theorem 14] . Let ψ : r1, 8q Ñ p0, 8q an increasing unbounded function, and let ωprq " ω ψ prq " ř 8 n"1 χ rr 2n`1 ,r 2n`2 s prq, where r x " 1´1 2 xψpxq and ψ satisfies ψpx`1q´ψpxq ď C{x for all x ě 1. Then 1´r x 1´r x`1 " 2 px`1qψpx`1q 2 xψpxq " 2 xpψpx`1q´ψpxqq`ψpx`1q ě 2 ψpx`1q Ñ 8, x Ñ 8, We know that ω R p D by the proof of [11, Theorem 14] . We will show next that r ω R p D. If r 2n ď s ă r 2 2n`1 , then p ωpsq " pr 2j`2´r2j`1 q`r 2n`2´s -1´s`r 2n`2´r2n`3 .
Thus p ωpsq -" 1´r 2j`1 , r 2j ď s ď r 2j`1 1´s´pr 2j`3´r2j`2 q, r 2j`1 ď s ď r 2j`2 , j P N.
If r 2n ď r ď r 2n`1 , then (3.7) yields p r ωprq - r 2j`2´r2j`1 q´pr 2j`3´r2j`2 q log 1´r 2j`1 1´r 2j`2-pr 2n`2´r q´pr 2n`3´r2n`2 q log 1´r 1´r 2n`2`ψ p2n`3q 2 p2n`3qψp2n`3q . It follows that p r ωpr 2n`2 qψp2n`3q 2 p2n`3qψp2n`3q , n P N, and p r ωp2r 2n`2´1 q -p1´r 2n`2 q p2´log 2q`p1´r 2n`3 q log 2`ψ p2n`3q 2 p2n`3qψp2n`3q , n Ñ 8.
Thus p r ωpr 2n`2 q{ p r ωp2r 2n`2´1 q Ñ 0, as n Ñ 8, and hence r ω R p D. By the proof of [11, Theorem 14] we know that for a suitably taken C 1 ą 0, the choice ψpxq "´1 C 1 log 2 ϕ`1´1 x˘y ields ϕ P D and A p Ă A 
for some constant C 2 " C 2 pCq ą 0, where C is that of the hypothesis ψpx`1q´ψpxq ď C{x for all x ě 1. Thus ϕ is regular, and the proof is complete. l
